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This paper develops an endogenous growth model to study the decentralized equilibrium and the optimum

conditions in an economy which uses polluting resources. The model includes two policy instruments, a sub-

sidy to final consumption and an emissions tax. It also considers two forms of endogenous technical change,

pollution-reducing knowledge and horizontal innovation. We show that, if the efficiency of knowledge to re-

duce emissions is sufficiently high, a higher output is compatible with lower emissions in both levels and

growth rates. Additionally, if the two instruments are used together the economy may achieve a higher out-

put and lower emissions since the subsidy may offset, at least partially, the negative tax effects.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

In this article we aim to analyze the compatibility between eco-

nomic growth and a cleaner environment in a framework where

production requires polluting resources and there is environmental

policy. Our endogenous growth model assumes two forms of techni-

cal change: horizontal innovation in the natural resource sector and

pollution-reducing knowledge accumulation in the final-goods sec-

tor. We start by analyzing the decentralized steady-state equilibrium.

Then, we explore the policy implications when the government uses

two policy tools, a tax on emissions and a subsidy to final consump-

tion. After that, we derive the policy conditions under which the

decentralized equilibrium is optimal. Finally, we perform a simple nu-

merical exercise.

The set-up of our model follows Grimaud and Tournemaine (2007)

(hereafter GT), but we depart from their model in several aspects,

including our main focus. Firstly, in GT, growth is sustained by human

capital accumulation and no natural resources are considered. The

authors found that a tighter environmental policy promotes growth

since it enhances the willingness of individuals to acquire education.

We analyze an alternative path to harmonize the economy and the

environment and, for that, we adapt the final-goods production

function to use only natural resources which generate emissions.1

Secondly, we assume horizontal innovation in the natural resources

sector in an attempt to include something new in the literature.

Throughout time scientists have found ways to use resources that

were not usable before. For instance, uranium was not particularly

useful before the development of the nuclear fission technology.

These innovations increase the variety of usable natural resources.

This type of differentiation, in line with Barro and Sala-i-Martin

(2004, Ch. 6), among other, implies that when new resource varieties

are discovered or made usable old ones do not become obsolete. Fi-

nally, we depart from GT by assuming that final-goods producers in-

vest a given amount of their own product (instead of human capital)

to generate knowledge, i.e., our model is lab-equipment and not

knowledge driven (e.g., Rivera-Batiz and Romer, 1991).

Our model shows that, in the decentralized equilibrium, if the ef-

ficiency of knowledge to reduce emissions is sufficiently high, higher

output is compatible with lower emissions both in their steady-state
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focus: the role of natural resources.
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levels and their growth rates. Additionally, if the government uses the

two instruments together it may achieve a higher output and lower

emissions since the subsidymay offset, at least partially, the negative

output effects of the tax. The derivation of the economic optimum

gives the conditions to impose on public policies in order to achieve

an optimal equilibrium. Our empirical application shows that the

catching-up process between a developed and a developing country is

faster in the central planner (optimum) situation than in the de-

centralized equilibrium.

The economic growth literature dealing with natural resources

has often focused on the conditions of growth under scarcity, but

has at times ignored a key aspect: resource use generates pollution

(e.g., Barbier, 1999; Garg and Sweeney, 1978; Grimaud and Rougé,

2003; Scholz and Ziemes, 1999). Fossil fuels combustion and mineral

resources are, in fact, responsible for a large share of anthropogenic

pollution, and policies have been conducted worldwide in an attempt

to reduce environmental problems (e.g., Halicioglu, 2009; Sadorsky,

2009; Soytas and Sari, 2009). If, to produce, firms use polluting

resources, it is crucial to know how environmental policy affects

economic growth (and consumption levels). The approach to this

problem has differed among studies. Authors who include pollution

often consider polluting resources as necessary but non-essential

to production as they may be substituted by non-polluting resources or

innovations (e.g., Bretschger and Smulders, 2007; Gradus and Smulders,

1993; Grimaud and Rougé, 2003). In particular, Bretschger and

Smulders (2007) considered the possible substitution between polluting

resources (energy) and non-polluting ones (labor and capital) but did

not include the role of policy intervention in the harmonization of

economic growth and the environment. Some models considered the

role of innovation in overcoming resource scarcities, but modeled inno-

vation as exogenous. In contrast, endogenous growth theory often ig-

nored the contribution of natural resources to growth (Barbier, 1999).

We consider two forms of technical change: final-goods producers run

research activities to generate emission-reducing knowledge and re-

sourcefirms run R&D to increase the variety of usable natural resources.

Authors who have found compatibility between a cleaner environ-

ment and economic growth commonly consider resource scarcity

(e.g., Grimaud and Rougé, 2005; Schou, 2000, 2002). As Schou (2002)

pointed out, if resources are scarce, in the long run the need to save

themwill necessarily reduce pollution. To avoid this problemwe ignore

resource scarcity exploring a new trail to match the economy and

the environment. Implicitly we are assuming that the economy can ex-

tract as much resources as it needs to satisfy production.

Other authors study the relationship between economic growth

and environmental quality, but do not include natural resources. In

this case, we find, for example, Xapapadeas (2005) who found com-

patibility between a growing economy and a cleaner environment if

some economic wealth was devoted to environmental protection or

pollution abatement activities. In the same line, Gupta and Barman

(2009) analyzed the problem in a dynamic perspective using an endog-

enous growth model. The authors focused on the interaction between

public expenditure and environmental pollution when government

allocated its tax revenue between pollution abatement and productive

expenditure. They also examined the characteristic of the optimal fiscal

policy in a dynamic perspective. Among other interesting findings,

the article found no conflict between the social welfare maximizing

solution and the growth rate maximizing solution in steady-state.

Finally, some authors consider a broader question, not only the re-

lationship between economic growth and pollution, but the relation-

ship between economic decisions and pollution dynamics. In this case,

we find Saltari and Travaglini (2011) who analyze the effects of envi-

ronmental policy on the value of the firm and investment decisions.

These authors include pollution uncertainty and investment irrevers-

ibility and focus on two types of policy instruments: taxes on polluting

inputs and subsidies to reduce the costs of abatement capital. They

found that an increase in the tax may decrease the value of the firm

and therefore decrease investment in abatement capital. The effect of

the subsidy on the firm's value is undetermined.

The remainder of the paper is organized as follows. Section 2

presents the model set-up. Section 3 shows the market equilibrium

conditions in the balanced growth path, highlighting its major prop-

erties. Section 4 sums up the environmental policy implications.

Section 5 characterizes the optimum. Section 6 performs a numerical

exercise. Finally, Section 7 concludes the paper.

2. Model set-up

We consider a model in continuous time with differentiated

final-goods, and a natural resource sector. In this section we present

the several sectors.

2.1. Final-goods producers

The differentiated final-goods are produced by an exogenous

number of firms (n=1,…,N). These goods are sold in imperfectly

competitive markets and produced using natural resources, R:

Yn;t ¼ A
X

J

j¼1

Rj;n;t ð1Þ

where t represents the time, Yn,t is the output of firm n, J is the num-

ber of usable resources varieties, Rj,n,t is the amount of the jth type of

natural resources used by firm n, A>1 represents the overall produc-

tivity or efficiency of the economy.

Final-good producers run indoor research activities to generate

pollution-reducing knowledge, Z. As in GT, the knowledge stock at

each time is composed by a continuum of pieces. A piece of knowl-

edge is an indivisible, infinitely-lived, differentiated, public good. In

this specific case it refers to techniques which allow having less pol-

lution for a given level of resources consumed, for instance, carbon

capture and sequestration technologies or new production processes.

Each firm spends ζn,t units of its own output to produce new

pieces of knowledge. Zn,t is the knowledge stock of firm n at time t.2

New pieces of knowledge are produced with the technology:

_Zn;t ¼ δζn;t ð2Þ

where δ>0 is a productivity parameter. This knowledge accumula-

tion function implies that the more firms spend on research activities,

the more knowledge they generate (e.g., Buonanno et al., 2003; Goulder

and Schneider, 1999).

Knowledge is used to reduce pollution (e.g., Bovenberg and Smulders,

1995; Grimaud and Rougé, 2003; GT). The emissions flow is:

En;t ¼
X

J

j¼1

Rj;n;tZt
−β

ð3Þ

where β>0 measures the efficiency of knowledge to reduce pol-

lution. Emissions increase with natural resources consumption

(e.g., Bovenberg and Smulders, 1995; Schou, 2002), since it is the fossil

fuels combustion and mineral resources use that generates most

emissions/pollution in the production process. We treat emissions

as a flow instead of a stock. In reality, many environmental issues last

for several decades, but by considering pollution as a flow we simplify

the analysis and reach similar results as we do treating emissions as a

stock (e.g., Gradus and Smulders, 1993; Stokey, 1998).3

2 Several models consider research conducted using only labor (e.g., Grimaud and Rougé,

2003, 2005; Schou, 2002). In linewith lab-equipment growthmodels (e.g., Rivera-Batiz and

Romer, 1991), we modify this view by considering firms spending a given amount of

resources to conduct research.
3 For a deeper discussion of this issue see, for example, GT and (Grimaud and Rougé,

2005).
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2.2. Consumers

There is a mass [0,1] of identical individuals owning the economy's

assets. We assume no population growth so that all aggregate variables

can be interpreted as per capita quantities (e.g. Gupta and Barman,

2009). In fact, environmental problems emerge, to a certain extent,

from population growth. Existing individuals consume more and,

additionally, new individuals increase consumption even further.4

Specifically, the inclusion of population growth would increase the

discount rate, ρ (Acemoglu, 2009), but the qualitative results would

remain unchanged.

Individuals value a clean environment, i.e., their utility increases

with consumption and decreases with pollution. Their instantaneous

utility function is:

U ¼ ln ∑N
n¼1cn;t

μ
h i1

μ−ω lnEt ð4Þ

where 0bμb1 represents the elasticity of consumption, ω>0 reflects

the strength of environmental preferences, 0bρb1 is the time pref-

erence rate, and Et=∑n=1
N En,t is the total emissions flow. This specifi-

cation, chosen for simplicity, is in line with a great part of the literature

(e.g., Gradus and Smulders, 1993; Grimaud and Rougé, 2005; Schou,

2002; GT) while other authors (e.g., Bovenberg and Smulders, 1995;

Gupta and Barman, 2009; Saltari and Travaglini, 2011; Schou, 2000)

consider that emissions also negatively affect productivity.

2.3. Resources sector

Innovation in the resources sector follows the prominent works of

Romer (1990), Rivera-Batiz and Romer (1991), Grossman and Helpman

(1991, Ch. 3) and Barro and Sala-i-Martin (2004, Ch. 6), among others.

We consider technical progress through horizontal R&D. The specifica-

tion reflects that, over the years, scientists have found ways to use re-

sources which were not useful before. Since there are no quality

improvements, no varieties ever become obsolete and research firms

remain leaders since they are granted a permanent patent. Thus, monop-

olistic firms sell natural resources to final-good producers and, simulta-

neously, conduct R&D activities to increase the varieties of usable

resources. This endogenous technical progress increases J. Natural re-

sources production can be interpreted as oil extraction/refinery or

wood treatment to make it usable by final-good producers.

2.4. Government

We first analyze the decentralized equilibrium with government

intervention. The imperfect competition in final-goods production and

the existence of pollution create distortions in this decentralized equi-

librium. To deal with those distortions we assume, following GT, two

policy instruments: a tax on emissions, τt, and a subsidy to final-goods

consumption, σn,t (which by assumption is 0bσn,tb1).

3. Equilibrium

This section presents the decentralized long-run equilibrium con-

ditions. The balanced growth path or steady-state is characterized by

constant growth rates of all variables and clearance in all markets. Next,

we describe the long-run equilibrium features and the agents' behavior

in more detail. Since many derivations are common to GT, we have put

them in Appendix A and focused here in the main results.

3.1. Symmetric equilibrium and steady-state

In the symmetric equilibrium all final-good firms produce the same,

use the same resources amount, create the same knowledge stock, emit

the same pollution, charge the same price and make the same profit.

Similarly, all resource firms produce the same, charge the same price,

and make the same profit. These results are proved in the deduction

of themarket equilibrium. Furthermore, all output is used for consump-

tion, knowledge investment in both the final-goods sector and in the re-

sources sector extraction/production:

Y t ¼ Ct þ ζ t þ ηR
_J t þ NJtRj;n;t ð5Þ

As usual in the literature, we assume that, in steady-state, con-

sumption is a fixed proportion (γ) of output. As in GT, the steady-

state existence requires the term τtZt
−β to be constant over time.

The government chooses a tax growth path such that gτ=βgz,
i.e., τtZt

−β ¼ τ0Z0
−β where τ0 and Z0 are the initial (base year)

values for the tax and the knowledge stock. We designate x ¼ τ0Z0
−β ,

which represents environmental policy. Additionally, the final-goods

subsidy is equal for all goods and constant overtime in steady-state

(e.g., Grimaud and Rougé, 2003). The government budget is always

balanced, i.e., tax revenues are used to finance the subsidy and a lump-

sum transfer to individuals, Tt.

Knowledge is a public good,which raises difficulties in a decentralized

equilibrium. Notwithstanding, the imperfect competition in the final-

goods sector solves this problem. Other authors, e.g., Grimaud and

Rougé (2005), consider public funded R&D. In our model, final-good

firms compete “a la Cournot” and have free entry. They sell the differen-

tiated goods at a price greater than the marginal production cost and

spend the rest of their profits on knowledge. Since there is free market

entry final profits are zero.

There are no verification, exclusion, and information problems in

the knowledge creation process. Firm n's profit without payment of

knowledge is denoted by π̃n;t , total profit is πn,t. Firm's Willingness-

to-Pay (WTP) to use a piece of knowledge at time t, vn,t, is
∂ π̃n;t

∂zn;t . The
value of a piece of knowledge for firm n (or the price paid to use a

piece of knowledge forever) is Θn;t ¼ ∫∞t vn;se
−∫s

trududs, where ru de-

notes the interest rate. The total (aggregated) value of a piece of knowl-

edge isΘt ¼ ∫∞t vse
−∫s

trududs, where Θt=∑n=1
N Θn,t and vt=∑n=1

N vn,t.

Differentiating the expression of Θt with respect to time we obtain:

rt ¼
vt
Θt

þ gΘt
ð6Þ

where gκ is the growth rate of any variable κ. This expression shows that

the interest rate is equal to the present gain of knowledge investment

(surplus value of each piece of knowledge) plus the increase in the

knowledge value (a type of a capital gain). Hence, the return on invest-

ments is determined by the knowledge value and its growth.

3.2. Agents' behavior

3.2.1. Individuals

The representative individual maximizes utility (1), subject to the

budget constraint _Bt ¼ rtBt−∑N
n¼1 1−σn;t

� �

pn;tcn;t−T t , where pn,t, is

the price of each final-good, and chooses plans for each final-good

consumption, cn,t, and wealth, Bt. The consumers' maximization prob-

lem gives final-goods demand (complete deduction in Appendix A):

pn;t ¼
Dt

γYn;t

 !1−μ

�
1

1−σn;t

� � ð7Þ
4 Apart from the debate on the consideration of population growth, we abstract from

that point, in order to isolate the effects of natural resources on economic growth and

the environment.
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where Dt is aggregate demand. The final-goods' price increases with

aggregate demand and with the subsidy to final consumption, but

decreases with the consumption of its own good. The Keynes–

Ramsey rule, in equilibrium, simplifies to:

rt ¼ gYn;t
þ ρ ð8Þ

This condition summarizes the consumers' decisions. As usual in

the literature (e.g., Bovenberg and Smulders, 1995), individuals post-

pone consumption if saving (i.e. earning the return rate) compensates

for the rate of time-preference and the consumption's marginal value

change.

3.2.2. Final-goods sector

Final-good producers use all available natural resources varieties

to produce. Simultaneously, they invest in knowledge to reduce emis-

sions. The maximization problem in this sector allows to obtain the

demand of each resource variety, the value of a piece of knowledge,

and firm's WTP to use a piece of knowledge, respectively (complete

deduction in Appendix A):

Rj;n;t ¼
Dt

γAJt

μ A−xð Þ

ψj;tð1−σn;tÞ

" # 1
1−μ

ð9Þ

Θ ¼
1

δ
ð10Þ

vn;t ¼
βxDt

1−μ
�

JtRj;n;t

�

μ
�

γA
�

1−μ 1−σn;t

� �

Zt

ð11Þ

Eq. (10) shows that the value of a piece of knowledge is constant

in steady-state, i.e., gΘ=0. From Eq. (11) we see that the WTP for

knowledge increases with the environmental policy term, the num-

ber of resource varieties and the consumption of each variety (in

sum with pollution and the tax paid for it), and decreases with the

knowledge stock.

Replacing the consumption of each resource variety into the final-

goods production function, we obtain the production (supply) of each

final-good:

Yn;t ¼
Dt

γ

μ
�

A−x
�

ψj;t 1−σn;t

� �

2

4

3

5

1
1−μ

ð12Þ

Final production increases with the subsidy to final consumption

and with aggregate demand, but decreases with the environmental

policy and the resources price.

3.2.3. Natural resource sector

In this sector there is monopolistic competition and, following

Barro and Sala-i-Martin (2004, Ch. 6), there is horizontal R&D, i.e., tech-

nical progress expands the number of usable resource varieties.5Once a

new variety has been invented the firm receives a perpetual monopoly

rent. Each firm faces a two-step decision process: firstly, it decides

whether or not to invest in the discovery of new resource varieties

and it invests if the net present value of future expected profits covers

investment costs; secondly, it determines the optimal price for the

newly invented resource variety.

The process is solved backwards. Initially, the optimal price is de-

rived, assuming that the new variety has been discovered. Then, the

present value of profits is calculated and compared with R&D costs.

If the latter are lower, the firm will undertake R&D expenditures.

Stage 2: the present value of discovering the jth variety is given

by:

V t ¼ ∫∞t Λj;ϑe
−�r j;ϑ t;ϑð Þ: ϑ−tð Þ

dϑ ð13Þ

where Λj,ϑ is the profit flow at date ϑ, and �r j;ϑ≡ 1
ϑ−tð Þ. The average in-

terest rate between t and ϑ is ∫ t
ϑrωdω. In equilibrium, the interest

rate is constant, and the present value factor simplifies to e−r.(ϑ−t).

The firm's profit flow equals revenues less production costs. We as-

sume, as usual (e.g., Barro and Sala-i-Martin, 2004, Ch. 6) that once

discovered, the new resource variety costs one unit of Y to produce,

i.e., marginal and average production costs are constant and normal-

ized to 1.

Stage 1: The firm decides whether or not to invest in R&D. As in

Barro and Sala-i-Martin (2004, Ch. 6) a new variety discovery cost is

fixed, being ηR units of Y. In equilibrium, R&D profits equal costs:

V t ¼ ηR;∀t ð14Þ

Differentiating Eq. (13) with respect to time, we have:

rt ¼
Λj;t

V t

þ
_V t

V t

: ð15Þ

The profit flow is given by:

Λj;t ¼ ψj;t−1
� �

Rj;t ð16Þ

where Rj,t=NRj,n,t. The maximization problem of resource firms gives

each resource variety supply (or price), which in turn allows to obtain

the final expression for the consumption of each resource variety, the

production of each final-good, and the price of each final-good, re-

spectively (complete deduction in Appendix A):

ψj;t ¼
1

μ
> 1 ð17Þ

Rj;n;t ¼
Dt

γAJt

μ2
�

A−x
�

1−σn;t

� �

2

4

3

5

1
1−μ

ð18Þ

Yn;t ¼
Dt

γ

μ2
�

A−x
�

1−σn;t

� �

2

4

3

5

1
1−μ

ð19Þ

pn;t ¼
1

A−xð Þμ2
ð20Þ

From Eq. (17) gψj;t
¼ 0, i.e., all resource varieties have the same price

which is constant in time. Eq. (18) shows that consumption of each

resource variety (equal for all varieties) increases with final-output ag-

gregate demand and with the subsidy to final consumption. On the

other hand, it decreases with the number of resource varieties available

and the environmental policy (x). We have already analyzed the effects

in final production, Eq. (19). Finally, Eq. (20) shows that final-goods'

price is equal for all final-goods and increases with the environmental

policy, but is constant in time, i.e., gpn;t ¼ 0. Each resources firm has

the following profit:

Λ j;t ¼
1−μ

μ

� �

NDt

γAJt

μ2
�

A−x
�

1−σn;t

� �

2

4

3

5

1
1−μ

ð21Þ

This expression is useful for later calculations.

5 Hence, firms invent a new variety and become monopolists of that variety by sell-

ing it to final-good producers. Similar results would be obtained if we assumed that

those R&D activities were developed in a different firm and the two firms shared a

royalty.
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3.2.4. Financial market

The financial market is perfectly competitive (e.g., Grimaud, 1999;

Grimaud and Rougé, 2003, 2005; GT). It is possible to derive the inter-

est rate for the final-goods sector, and the interest rate for the re-

sources sector, respectively (see Appendix A):

rt ¼
δβxDt

1−μN JtRj;n;t

� �μ

γAð Þ1−μ 1−σn;t

� �

Zt

ð22Þ

rt ¼
Λj;t

ηR
¼

�

1−μ
�

NRj;n;t

μηR
ð23Þ

Imposing the equality between the rates, one obtains the ratio:

Jt
Zt

¼

�

1−μ
�

μ
�

A−x
�

βxδηR
ð24Þ

which implies that gJt ¼ gZt , i.e., in each t, resource varieties and final-

goods' knowledge grow at the same rate. Higher discovery costs and

higher environmental policy imply a lower ratio Jt
Zt
. Additionally, if

(A−x)>0, which is the condition necessary for the ratio to be positive,

the number of varieties and the knowledge stock always move in the

same direction, i.e., they are complementary instead of substitutes. This

is because both technology options are driven by final-goods consump-

tion and a higher number of resources varieties (higher resource con-

sumption) generates more emissions which is an incentive to pollution-

reducing knowledge creation. The condition (A−x)>0 means that the

environmental policy (represented by x), which depends on governmen-

tal choices, should be lower than the general economic efficiency (A), that

is, there is an upper limit for the environmental policy.

3.3. General properties of the steady-state equilibrium

The free entry condition allows deducing the share of output de-

voted to knowledge creation, α ¼ 1−μ
μ2A

, which implies that gζn;t ¼ gYn;t

and (complete deduction in Appendix A):

ζn;t ¼
1−μ

μ2A

� �

Dt

γ

μ2
�

A−x
�

1−σn;t

� �

2

4

3

5

1
1−μ

ð25Þ

Investment in knowledge creation is driven by final-output produc-

tion. From Eq. (8) and the interest rate in the resources sector Eq. (23),

it is possible to conclude that, in steady-state, gN ¼ −gRj;nt
¼ 0. Conse-

quently, Eqs. (18), (19), (24), and (25) show that the growth rate

is the same for the aggregate demand, the number of resource varie-

ties, the output of each final-good firm, aggregate final-good, the

knowledge stock, and the amount invested in knowledge accumulation,

i.e., gDt
¼ gJt ¼ gYn;t

¼ gY t
¼ gZt ¼ gζ t . Therefore, the WTP for knowl-

edge vn;t ¼
βxDt

1−μ JtRj;n;tð Þ
μ

γAð Þ1−μ 1−σn;tð ÞZt

� 	

and the interest rate are constant overtime,

i.e., all prices are constant in steady-state: gpn;t ¼ gψj;t
¼ gvn;t ¼ grt ¼

gΘn;t
¼ 0. We can also obtain the expression for the number of resource

varieties (complete deduction in the Appendix A):

Jt ¼
1−μ

μηRA

� �

−1þ γ þ
1−μ

μ2A

� �

þ
1

A

� 	

Y t

ρ
ð26Þ

The number of resource varieties increases with final output.

Replacing Eq. (26) in Eq. (25), we obtain the knowledge stock:

Zt ¼
βxδμηR

1−μð Þμ2 A−xð Þ

1−μ

μηRA

� �

−1þ γ þ
1−μ

μ2A

� �

þ
1

A

� 	

Y t

ρ
ð27Þ

Finally, emissions are given by:

Et ¼
Y t

1−β

1
A

βxδμηR
1−μð Þμ2 A−xð Þ

1−μ
μηRA

� �

−1þ γ þ 1−μ
μ2A

� �

þ 1
A

h i

1
ρ

n oβ
ð28Þ

Eqs. (27) and (28) will be useful in the next section. From Eqs. (8)

and (23):

gYn;t
¼ gY t

¼
1−μð ÞNRj;n;t

μηR
−ρ ð29Þ

where Yt=∑n=1
N Yn,t.The higher the consumption of each resource

variety (which is driven by the factors referred before), the higher

the economic growth rate. From Eq. (28), if everything else remains

unchanged, higher present output does not increase present emis-

sions if β>1. Additionally, gEt ¼ 1−βð ÞgY t
, i.e., it is possible to have

growing output and decreasing emissions with the same condition

(β>1). In conclusion, if the efficiency of knowledge to decrease

pollution is sufficiently high (higher than one), there is compatibility

between economic growth and a cleaner environment both in the

present and in the future.

4. Policy effects

Now, we analyze the main effects of a change in the subsidy level

and in the emissions tax rate. The complete deduction is in Appendix B.

4.1. Subsidy

A higher subsidy to final consumption increases the output of each

final-goods firm, the number of resource varieties and the knowledge

stock. Notwithstanding, it does not affect the consumption of each re-

source variety. The mechanism is as follows. A higher subsidy stimu-

lates demand, and in order to produce more, final-good firms demand

more natural resources. This, in turn, has three effects: (i) higher

resource consumption generates more pollution and consequently

firms pay more tax; (ii) to minimize tax payment, final-good firms

invest in more pollution-reducing knowledge increasing the knowl-

edge stock in steady-state; (iii) a higher resources demand stimulates

the invention of new resource varieties leaving the consumption of

each variety unchanged since the demand pressure is satisfied with

a higher number of resource varieties.

The net effect of a higher subsidy on emissions depends on which

of two opposite effects dominate: higher output which increases

emissions or higher a knowledge stock which decreases emissions.

The second effect dominates if the efficiency of knowledge to reduce

pollution is sufficiently high. The subsidy has only real effects on this

economy, i.e., prices are not affected. The output and emissions growth

rates also remain unchanged. Table 1 summarizes the results.

4.2. Tax on emissions (environmental policy)

A higher tax on emissions decreases the output of each final-goods

firm, the number of resource varieties and the knowledge stock (for

a given interval of the environmental policy). As for the subsidy, a

stronger environmental policy does not affect the consumption of

each resources variety. The intuition is the same as before, a lower

final output, decreases the incentive to invest in knowledge if the

environmental policy is sufficiently low, i.e., xbA(1−μ), leading to a

Table 1

Main effects of a change in the subsidy to final consumption.

∂Yn;t

∂σn;t
> 0 ∂Zt

∂σn;t
> 0 ∂Jt

∂σn;t
> 0

∂Rj;n;t

∂σn;t
¼ 0 ∂Et

∂σn;t
b0if β>1

∂pn;t
∂σn;t

¼ 0 ∂rt
∂σn;t

¼ 0
∂ψj;t

∂σn;t
¼ 0 ∂gY

∂σn;t
¼ 0 ∂gE

∂σn;t
¼ 0
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lower knowledge stock. At the same time, the lower demand pressure

on resources decreases the incentive to invest in varieties creation

(since each variety is consumed in the same amount).

The net effect on emissions depends on which of the two effects

dominate: lower output which generates lower emissions or lower

knowledge stock which increases emissions. In our model, the first

effect dominates if the efficiency of knowledge to reduce pollution

is sufficiently high (β>1), and if the environmental policy is not too

strong xb Aβ 1−μð Þ
β−1

� �

. The last condition may indicate that if the envi-

ronmental policy is too strong there could be incentive for tax evasion

with increasing emissions.

A stronger environmental policy increases final-goods price, but

does not affect any other price in the economy. The output and emis-

sions growth rates also remain unchanged. Table 2 summarizes the

results.

If the two policy instruments are used together, under certain con-

ditions, the government may be able to decrease emissions without

harming output since the subsidy offsets, at least partially, the nega-

tive output effects of a stronger environmental policy.

5. Optimum

In the optimum, the social plannermaximizes aggregate utility, sub-

ject to the aggregate production process, the aggregate knowledge ac-

cumulation, the aggregate emissions flow, and the general equilibrium

constraint. In Appendix C, we deduce the optimal conditions. We dem-

onstrate that σn;t ¼ 1−x A
A−1

� �

DtNω
A−1ð Þγ

h i1−μ
. This relationship shows that,

in the optimum, the two instruments are not independent and that

when one instrument increases the other decreases.

With certain values for the policy intervention, in particular, x ¼ 1
A

and σn;t ¼ DtNωð Þ1−μ A−1ð Þμ−2, the government guarantees that the

decentralized equilibrium is optimal.

6. Empirical analysis

In this section we perform a simple empirical exercise in which we

compare the situations of two different countries, one developed

(country 1) and one developing (country 2). We assume that the dif-

ferences of development of the two countries are reflected in some

parameters or variable levels. The calibration and its sources are de-

scribed in Table 3. In the case of x ¼ τ0
Zβ
0

, we considered small values

since it is reasonable to assume that the knowledge stock is consider-

ably higher than the tax level. Additionally, the ratio is lower in coun-

try 1 since the knowledge stock is expected to be much higher than in

country 2, while the tax level cannot be so much higher.

With the values presented on Table 3 we obtained the relationship

between some important variables in the two countries both for the

decentralized equilibrium (DE) and the optimum (*). Given the ex-

pressions deduced for the model, the analysis of the decentralized

equilibrium is more complete. We found, in this decentralized equi-

librium, the ratio
YDE
1

YDE
2

¼ 2:7, which indicates, as expected, that country

1 has a higher output than country 2. In terms of emissions, the ratio

EDE1
EDE2

is 3.6; i.e., in line with Ferreira-Lopes et al. (in press), the devel-

oped country has higher emissions.

The comparison of the decentralized equilibrium and the opti-

mum can be done using some important ratios and the growth rates

of the most important variables. We keep in mind that gY
DE=gZ

DE=

gJ
DE and that gY*=gZ*=gJ*. We compared the intensity of resource

varieties on output, J
Z, and the intensity of knowledge on output, Z

Y.

We concluded that, in the decentralized equilibrium, the intensity of

resource varieties and the intensity of knowledge are higher in coun-

try 2,
JDE1 =YDE

1

JDE2 =YDE
2

¼ 0:65 and
ZDE1 =YDE

1

ZDE2 =YDE
2

¼ 0:43, which indicates the effort done

by this country to achieve the catching-up process. In the optimum,

the intensity of resource varieties is still higher in country 2,
J�1=Y

�
1

J�2=Y
�
2
¼ 0:7, but the intensity of knowledge is lower,

Z�1=Y
�
1

Z�2=Y
�
2
¼ 2:5. This

last result derives from the fact that emissions are lower in country

2 and thus the internalization of this external effect has stronger out-

comes in the country where emissions are higher. Finally, in the opti-

mum, the catching-up process is faster since the difference between

the variables growth rates,
gY1
gY2

¼
gJ1
gJ2

¼
gZ1
gZ2

¼
gE1
gE2

, is lower than in the de-

centralized equilibrium.

7. Conclusions

In this paper we considered an endogenous growth model with

horizontal innovation in the natural resource sector and pollution-

reducing knowledge accumulation in the final-goods sector. Firstly,

we studied the decentralized steady-state equilibrium, highlighting

its most important features. We found that, if the efficiency of knowl-

edge to reduce emissions is sufficiently high, higher output is compat-

ible with lower emissions both in their steady-state levels and their

growth rates. Furthermore, we found that the two technical change

forms are complementary instead of substitutes.

Secondly, we analyzed the main effects of changes in the two pol-

icy instruments: a subsidy to final consumption and a tax on emis-

sions. If the government uses the two instruments together it may

Table 2

Main effects of a change in the environmental policy.

∂Yn;t

∂x b0 ∂Zt

∂x b0

if
xbA 1−μð Þ

∂Jt
∂x b0

∂Rj;n;t

∂x ¼ 0 ∂Et
∂x b0

if

xb
Aβ 1−μð Þ

β−1
and β > 1

∂pn;t
∂x > 0 ∂rt

∂x ¼ 0
∂ψj;t

∂x ¼ 0 ∂gY
∂x ¼ 0 ∂gE

∂τ ¼ 0

Table 3

Parameter values and exogenous variables.

Parameter values/

exogenous variables

In line with existing

literature and/or data

And in line with the

theoretical assumption(s)

A1=1.20 Afonso (2012) A1>1

A2=1.10 A1>A2>1, since expected

productivity is higher in the

developed country

δ1=1.20 δ1>0

δ2=1.10 δ1>δ2>0, since expected

productivity in knowledge

accumulation is higher in

the developed country

ρ1=ρ2=0.03 0bρ1, ρ2b1

ηR1=ηR2=6.00 Afonso and Alves

(2009)

ηR1>0, ηR2>0

σ1=σ2=0.70 Grimaud et al. (2011) 0≤σ1, σ2b1

α1=0.15 Barro and Sala-i-Martin

(1997)

1>α2>α1>0; since country 2

is in a catching up processα2=0.20

μ1=μ2=0.70 Lewis (2006) 0bμ1, μ2b1

γ1=0.55⇒ω1b0.68 Ferreira-Lopes et al.

(in press) and

World Bank data

0bγ1b1, ω1b(A1−1)/A1*γ1

ω1=0.60

γ2=0.4⇒ω2b0.23 0bγ2b1, ω2b(A2−1)/A2*γ2

ω2=0.17

β1=β2=0.50 β1>0, β2>0

N1=N2⇒N1/N2=1 Barro and Sala-i-Martin

(1997)

N1=N2>0

x1=0.02bx2=0.03 World Bank data τ1/Z1
β
bτ2/Z2

β, since the

knowledge stock is higher

in country 1.
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achieve a higher output and lower emissions since the subsidy may

offset, at least partially, the negative output effects of the tax. Under

certain conditions both instruments reduce steady-state emissions.

Then, we derived the policy conditions under which the de-

centralized equilibrium is optimal which will be useful in future re-

search. The empirical application showed that the catching-up process

between a developed and a developing country was faster in the opti-

mum situation than in the decentralized equilibrium.We intend to con-

duct further research, performing a numerical exercise to compare the

decentralized equilibrium conditionswith the optimal ones and quanti-

fyingwelfare gains. The comparison between different countries and in-

clusion of other policy instruments, such as a subsidy to knowledge

investment, would also be of great interest in our further research.

Appendix A

Individuals maximization problem

The Current Value Hamiltonian (CVH) for this problem is:

CVH ¼ ln ∑N
n¼1cn;t

μ
�
1=μ

� �

−ωlnEt

� �

þ λt rtBt−∑N
n¼1 1−σn;t

� �

pn;tcn;t−T
t

h i

�

where λt is the dynamic multiplier of the number of resource varie-

ties. The first order conditions are: ∂CVH
∂cn;t

¼ 0; ∂CVH
∂Bt

¼ − _λt þ λtρ. The

transversality condition is: lim t→∞λtBte
−ρt=0. The first order condi-

tions give the following conditions

cn;t
μ−1

¼ λt 1−σn;t

� �

pn;t∑
N
n¼1cn;t

μ
ð30Þ

_λt

λt

¼ ρ−rt ð31Þ

We can now perform an algebraic exercise to obtain the demand

for each good. Knowing that λt ¼
1−σn;tð Þpn;t∑

N

n¼1cn;t
μ

cn;t μ−1 , we may replace

this expression in Eq. (30) and manipulate to obtain: cn;t ¼

cn;t 1−σn;tð Þpn;t

1−σn;tð Þpn;t½ �
μ

μ−1

1−σn;t

� �

pn;t

 � 1

μ−1, if we aggregate the first part for all

final-goods and call Dt ¼
∑N

k¼1 1−σk;tð Þpk;tck;t

∑N

k¼1 1−σk;tð Þpk;t½ �
μ

μ−1

, the consumption of

each final-good may be written as: cn;t ¼ Dt 1−σn;t

� �

pn;t

 � 1

μ−1. The

inverse demand function is then given by pn;t ¼
cn;t
Dt

� �μ−1
� 1

1−σn;tð Þ
. In

equilibrium, consumption is a given proportion of output (cn,t=γYn,t),
therefore:

pn;t ¼
γYn;t

Dt

� �μ−1

�
1

1−σn;t

� � ð32Þ

Combining Eqs. (30) and (31) one derives the Keynes–Ramsey

rule:

rt ¼ 1−μð Þgcn;t þ gΩt
þ g 1−σn;tð Þ þ gpn;t þ ρ

where Ωt ¼ ∑N
n¼1cn;t

μ
. In steady-state, since gΩt

¼ μgcn;t ¼ μgYn;t
, the

price and the subsidy are constant, the rule simplifies to:

rt ¼ gYn;t
þ ρ ð33Þ

Final-good firms maximization problem

Each final-good firm maximizes:

π̃n;t ¼ pn;tYn;t−∑
J

j¼1
ψj;tRj;n;t−τtpn;tEn;t þ Θt

_Zn;t−ζn;t

subject to the production technology Eq. (1), knowledge accumula-

tion Eq. (2), the emissions flow Eq. (3), and the inverse demand func-

tion Eq. (7). In the symmetric equilibrium, all resources are used in

the same amount, have the same price, and cn,t=γYn,t. After substitu-
tions, we have:

π̃n;t ¼
Dt

γAJtRj;n;t

 !1−μ
AJtRj;n;t

1−σn;t

� �−ψj;t JtRj;n;t−
Dt

γAJtRj;n;t

 !1−μ
JtRj;n;t

1−σn;t

� � τtZt
−β

þ Θtδ−1ð Þζn;t

The first order conditions, ∂π̃n;t

∂Rj;n;t
¼ 0; ∂ π̃n;t

∂ζn;t
¼ 0; ∂ π̃n;t

∂Zn;t ¼ vn;t give, re-

spectively, the demand for each resources variety, the value of a

piece of knowledge, and the firm's WTP to use a piece of knowledge:

Rj;n;t ¼
Dt

γAJt

μ
�

A−x
�

ψj;t 1−σn;t

� �

2

4

3

5

1
1−μ

ð34Þ

Θtδ ¼ 1⇔Θ ¼
1

δ
ð35Þ

vn;t ¼
βxDt

1−μ
JtRj;n;t

� �μ

γAð Þ1−μ 1−σn;t

� �

Zt

ð36Þ

From Eq. (35), gΘt
¼ 0, i.e., a piece of knowledge's value is constant

over time.

A higher tax rate leads to a higher WTP for knowledge. From the

market free entry condition πn;t ¼ ˜πn;t−Θn;t
_Z t ¼ 0;∀n

� �

and ζn,t=
αYn,t (in equilibrium, the knowledge investment is a given propor-

tion, α, of output), one gets:

Yn;t ¼
Dt

γ

A−x

ψj;t þ αA
� �

1−σn;t

� �

2

4

3

5

1
1−μ

ð37Þ

Natural resources firms maximization problem

The profit flow is given by:

Λ j;t ¼ ψj;t−1
h i

Rj;t ð38Þ

where Rj,t=NRj,n,t. Using Eqs. (1) and (9), one obtains the maximiza-

tion problem:

maxΛ j;t ¼ ψj;t−1
h i NDt

γAJt

μ
�

A−x
�

ψj;t 1−σn;t

� �

2

4

3

5

1
1−μ

The first order condition,
∂Λ j;t

∂ψj;t
¼ 0, gives:

ψj;t ¼
1

μ
ð39Þ
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Replacing the expression of ψ in the resource demand:

Rj;n;t ¼
Dt

γAJt

μ2
�

A−x
�

1−σn;t

� �

2

4

3

5

1
1−μ

ð40Þ

The production of each final-good is Yn,t=AJtRj,n,t:

Yn;t ¼
Dt

γ

μ2
�

A−x
�

1−σn;t

� �

2

4

3

5

1
1−μ

ð41Þ

Replacing this expression into the final-goods demand one has:

pn;t ¼
1

A−xð Þμ2
ð42Þ

Each resource firms has the profit Λj,t=(ψj,t−1)NRj,n,t:

Λ j;t ¼
1−μ

μ

� �

NDt

γAJt

μ2
�

A−x
�

1−σn;t

� �

2

4

3

5

1
1−μ

ð43Þ

From Eqs. (37),(39) and (41) it is possible to obtain the expression

α ¼ 1−μ
μ2A

, therefore:

ζn;t ¼
1−μ

μ2A

� �

Dt

γ

μ2
�

A−x
�

1−σn;t

� �

2

4

3

5

1
1−μ

ð44Þ

Financial market

From Eqs. (6), (10), (11) and since vt=∑n=1
N vn,t=Nvn,t, one de-

rives the final-goods sector interest rate:

rt ¼
δβxDt

1−μN JtRj;n;t

� �μ

γAð Þ1−μ 1−σn;t

� �

Zt

ð45Þ

Using Eqs. (1), (14), (15) and (16) one obtains the resources sec-

tor interest rate:

rt ¼
Λj;t

ηR
¼

1−μð ÞNRj;n;t

μηR
ð46Þ

which may be interpreted as the technology curve and summarizes

the production side decisions. There is only one interest rate in the

economy (the financial market is perfectly competitive), therefore

Eqs. (45) and (46) give:

Zt ¼
βxδμηRDt

1−μ Jt
μ

γAð Þ1−μ 1−σn;t

� ��

1−μ
�

Rj;n;t
1−μ

Replacing the expression of Rj,n,t into this equation, one has:

Zt ¼
βxδηR

1−μð Þμ A−xð Þ
Jt ð47Þ

For that ratio to be positive the condition (A−x)>0 must hold.

Finally, the general equilibrium condition Y t ¼ Ct þ ηR
_J tþ

�

ζ t þ

NJtRj;n;tÞ may be developed (considering that Ct ¼ γY t ; ζ t ¼

1−μ
μ2A

� �

Y t ; _J t ¼ gJt � Jt ; gJt ¼ gY t
, and gY t

¼
1−μð ÞNRj;n;t

μηR
−ρ) to give:

Jt
1−μð ÞNRj;n;t

μηR
−ρ

� 	

¼ 1−γ−1−μ

μ2A
− 1

A

� �

Y t ð48Þ

Replacing the expression of Rj,n,t and developing, one gets:

Jt ¼
1−μ

μηRA

� �

−1þ γ þ
1−μ

μ2A

� �

þ
1

A

� 	

Y t

ρ
ð49Þ

Appendix B

For the policy analysis we use the expressions found in the deriva-

tion after substitution:

Yn;t ¼
Dt

γ

μ2
�

A−x
�

1−σn;t

� �

2

4

3

5

1
1−μ

Jt ¼
1−μ

μηRA

� �

−1þ γ þ
1−μ

μ2A

� �

þ
1

A

� 	

Dt

ργ

μ2
�

A−x
�

1−σn;t

� �

2

4

3

5

1
1−μ

Zt ¼
βxδμηRDt

1−μð Þμ2 A−xð Þργ

1−μ

μηRA

� �

−1þ γ þ
1−μ

μ2A

� �

þ
1

A

� 	 μ2
�

A−x
�

1−σn;t

� �

2

4

3

5

1
1−μ

Rj;n;t ¼
ρ

A 1−μ
μηRA

� �

−1þ γ þ 1−μ
μ2A

� �

þ 1
A

h i

pn;t ¼
1

A−xð Þμ2

ψj;t ¼
1

μ

rt ¼
1−μð ÞNρ

μηRA
1−μ
μηRA

� �

−1þ γ þ 1−μ
μ2A

� �

þ 1
A

h i

Et ¼

NDt
μ2 A−xð Þ

1−σn;tð Þ

� 	1−β
1−μ

γA βxδμηRDt

1−μð Þμ2 A−xð Þργ
1−μ
μηRA

� �

−1þ γ þ 1−μ
μ2A

� �

þ 1
A

h in oβ

gY t
¼

1−μð ÞNρ

μηRA
1−μ
μηRA

� �

−1þ γ þ 1−μ
μ2A

� �

þ 1
A

h i−ρ

gEt ¼ 1−βð Þ
1−μð ÞNρ

μηRA
1−μ
μηRA

� �

−1þ γ þ 1−μ
μ2A

� �

þ 1
A

h i−ρ

8

<

:

9

=

;

Policy effects

We analyze qualitatively the main effects of a higher subsidy to

final consumption and a higher environmental policy (reflected in

the term x). The sign of some derivates is straightforward, but we

put the expressions for convenience.

Subsidy

In the derivations we omit the time subscripts for simplicity.
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Emission tax

In steady-state τtZt
−β is constant overtime and equal to τ0Z0

−β

(x). We perform the derivatives with respect to x since their sign is

equal to the derivatives with respect to τ0.

Since Jt is only affected by the negative impact of x on Yn,t, we

know that ∂Jt
∂x has to be negative. This, in turn, implies that {ηR

[μ2(Aγ−A+1)−μ+1]+(1−μ)μ}>0, which will be useful in the

next derivations.

Appendix C

In the optimum, the social planner maximizes aggregate utility,

Eq. (4), subject to the aggregate production process (Yt=∑n=1
N Yn,t=

AN∑ j=1
J Rj,n,t=AJtRj,t, where we call Rj,t=NRj,n,t), the aggregate

knowledge accumulation (Żt=δζt where ζ(t)=∑n=1
N ζn,t), the emis-

sions flow ( Et ¼ ∑N
n¼1En;t ¼ JtRj;tZt

−β , and the general equilibrium

constraint, Eq. (5). The CVH for this problem is:

CVH ¼ ln ctð Þ−ω ln JtRj;tZt
−β

� �

þ νt

1

ηR
AJtRj;t−ct−ζ t−JtRj;t

h i

þ ξtδζ t

where νt and ξt are co-estate variables. The first order conditions are:
∂CVH
∂ct

¼ 0; ∂CVH∂ζ t
¼ 0; ∂CVH∂Rj;t

¼ 0; ∂CVH∂Jt
¼ − _ν t þ νtρ;

∂CVH
∂Zt

¼ − _ξt þ ξtρ. The

transversality conditions are: lim t→∞νt Jte
−ρt=0and lim t→∞ξtZte

−ρt=0.

The first order conditions give, respectively:

νt ¼
ηR
ct

ð50Þ

ξt ¼
νt

δηR
ð51Þ

Rj;t ¼
ωηR

νt Jt A−1ð Þ
ð52Þ

νtRj;t A−1ð Þ

ηR
−ω

Jt
¼ − _ν t þ νtρ ð53Þ

ωβ

Zt

¼ − _ξt þ ξtρ ð54Þ

Eqs. (50) and (51) give gνt
¼ gξt ¼ −gct and we know that

gct ¼ gY t
. Eq. (53) can be divided by νt and written:

Y t

Jt

A−1ð Þ

AηR
−ωγ

ηR

� 	

¼ gY t
þ ρ ð55Þ

which in steady-state, implies that gY t
¼ gJt as in the decentralized

equilibrium. Dividing Eq. (54) by ξt, one gets:

ωβγY tδ

Zt

¼ gY t
þ ρ ð56Þ

which in steady-state, implies that gY t
¼ gZt , as in the decentralized

equilibrium. The equality of Eqs. (55) and (56) gives:

Jt
Zt

¼
A−1ð Þ−Aωγ

ωβγδAηR
ð57Þ

Comparing this equation with Eq. (24), we see that, for the

decentralized equilibrium to be optimal, the condition 1−μð Þμ A−xð Þ
βxδηR

¼

A−1ð Þ−Aωγ
ωβγδAηR

must hold. Therefore, for the decentralized equilibrium to

be optimal:

x ¼
1−μð ÞμA

A−1−Aωγ þ 1−μð Þμ
ð58Þ

Dividing Eq. (52) for Eq. (50) and using Eq. (1), one gets: γ ¼ A−1
Aω .

Replacing this expression into Eq. (58) the environmental policy sim-

plifies to x ¼ 1
A.

From Eqs. (8) and (22): gY t
¼

δβxDt
1−μN JtRj;n;tð Þ

μ

γAð Þ1−μ 1−σn;tð ÞZt
. Combining this ex-

pression with Eq. (56), γ ¼ A−1
Aω ,we obtain the relationship between

the two policy instruments: σn;t ¼ 1−x A
A−1

� �

DtNω
A−1ð Þγ

h i1−μ
. This rela-

tionship shows that when one instrument increases the other de-

creases in the optimum. With x ¼ 1
A, we obtain the subsidy to final

∂Yn;t

∂σ >0

∂Zt
∂σ >0

∂Jt
∂σ >0
∂Rj;n;t

∂σ =0

∂Et
∂σ ¼ − DtN β−1ð Þ

Aγ 1−μð Þ 1−σn;tð Þ
� μ2 A−xð Þ

1−σn;tð Þ

� 	 1
1−μ

�
Aγ 1−μð Þ 1−σn;tð Þμρ

Dtxβδ
μ2 A−xð Þ

1−σn;tð Þ

h i 1
1−μ

ηR μ2 Aγ−Aþ1ð Þ−μþ1½ �þ 1−μð Þμf g

8

>

<

>

:

9

>

=

>

;

β

b0 if β>1a)

∂pn;t
∂σ =0
∂ψj;t

∂σ =0

∂rt
∂σ =0
∂gYt
∂σ =0
∂gEt
∂σ =0

a) We can guarantee this since we below show that ηR μ2 Aγ−Aþ 1ð Þ−μ þ 1

 �

þ 1−μð Þμ
� 


> 0.

∂Yn;t

∂x ¼ −
Dt

μ2 A−xð Þ

1−σn;tð Þ

h i 1
1−μ

A−xð Þ 1−μð Þγ

b0

∂Jt
∂x ¼ −

Dt
μ2 A−xð Þ

1−σn;tð Þ

h i

μ
1−μ

ηR μ2 Aγ−Aþ1ð Þ−μþ1½ �þ 1−μð Þμf g

AγηR 1−σn;tð Þμ 1−μð Þ
b0

∂Zt

∂x ¼
Dtβδ A 1−μð Þ−x½ �

μ2 A−xð Þ

1−σn;tð Þ

h i 1
1−μ

ηR μ2 Aγ−Aþ1ð Þ−μþ1½ �þ 1−μð Þμf g

Aγ μ−1ð Þ2μ3ρ A−xð Þ2

b0

if

x>A(1−μ)
∂Rj;n;t

∂x =0

∂Et
∂x ¼ −

DtN Aβ 1−μð Þ−x β−1ð Þ½ �
μ2 A−xð Þ

1−σn;tð Þ

h i 1
1−μ

Axγ 1−μð Þ A−xð Þ

Dt xβδ
μ2 A−xð Þ

1−σn;tð Þ

h i

μ
1−μ

ηR μ2 Aγ−Aþ1ð Þ−μþ1½ �þ 1−μð Þμf g

Aγ 1−μð Þ 1−σn;tð Þμρ

8

>

<

>

:

9

>

=

>

;

β b0

if

xb Aβ 1−μð Þ
β−1

and

β>1
∂pn;t
∂x ¼ 1

A−xð Þ2μ2
>0

∂ψj;t

∂x =0

∂rt
∂x =0

∂gYt
∂x =0

∂gEt
∂x =0
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consumption which guarantees that the decentralized equilibrium is

optimal: σn;t ¼ DtNωð Þ1−μ A−1ð Þμ−2.
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